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Introduction
Let D = (V, A) be a strongly connected oriented graph with vertex-set V and arc-set A . For u, v ∈ V (D) , the distance from u to v , d (u, v) , is the minimum length of oriented paths from u to v . Suppose B = {b 1 , b 2 , b 3 , ...b k } is a nonempty ordered subset of V . The representation of a vertex v with respect to B , r(v|B) , is defined as a vector (d(v, b 1 ), d(v, b 2 ), ..., d(v, b k )) . If any two distinct vertices u, v satisfy r(u|B) = r(v|B) , then B is said to be a resolving set of D . If the cardinality of B is minimum, then B is said to be a basis of D and the cardinality of B is called the directed metric dimension of D , dim(D) . This notion was introduced by Chartrand, Raines and Zhang [5] as an analog to the undirected version of metric dimension introduced by Slater [13] and Harary and Melter [8] . It is obvious that not every oriented graph has directed dimension, however necessary and sufficient conditions for the dimension of an oriented graph to be defined are still unknown.
Unlike the undirected version, not many results have been known on directed metric dimension. Characterization of graphs with particular directed metric dimension is only known for one-dimensional oriented graph. (ii) if P in (i) is in the form v n−1 , v n−2 , ..., v 1 , v, then for each pair i, j of integer with 1 ≤ i < j ≤ n − 1, the oriented graph D − E(P ) does not admit the arc in the form
Other results include directed metric dimension of oriented trees [5] , tournaments [11] , and some Cayley digraphs [3] .
In [6] , Chartrand, Raines and Zhang defined a parameter called the upper orientable dimension of a graph G , ORD(G) , which is the maximum value of dim(D) among the orientations D of G for which dim(D) is defined.
In this paper we deal with the strongly connected oriented graphs admitting a cycle covering. The graphs under consideration are oriented wheels, oriented fans, oriented friendship graphs, and amalgamation of oriented cycles.
A wheel, W n , is defined as K 1 + C n and a fan, F m,n , is K m + P n . We shall recall the (undirected) metric dimensions of the wheel W n and the fan F 1,n , which are essentially the same on general cases, studied by Buczkowski et al [1] and Caceres et al [2] , respectively.
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for n = 2, 3; 3, for n = 6; , otherwise.
For n ≥ 2 , let C = {C t i |i = 1, 2, ..., n} be a collection of n cycles. The vertex amalgamation of cycles in C ,
, is the graph constructed by joining the cycles in C on a common vertex called the terminal vertex. The edge amalgamation of cycles in
, is the graph constructed by joining n cycles on a common edge called the terminal edge. Iswadi et al [9] determined the dimension of
and Simanjuntak et al [12] determined the dimension of Edge − Amal{C n i } t i=1 as stated bellow.
be a vertex amalgamation of n cycles that consists of n 1 number of odd cycles and n 2 number of even cycles. Then,
for n 2 = 0; n 1 + 2n 2 − 1, for n 2 > 0.
In this paper, we will also consider a generalization of vertex and edge amalgamations, which is the path amalgamation.
Main Result
We start by introducing the notion of simple orientation. Definition 2.1. Let G be a graph with cyclic covering. An orientation on G is called C n -simple if all directed C n s in the resulting oriented graph are strong.
Directed Metric Dimension of Oriented Wheels
For n ≥ 3 , a wheel, W n , is defined as K 1 + C n , where the vertex c in K 1 is called the center and the vertices v 1 , v 2 , . . . , v n in C n is called the outer vertices. First we shall characterize oriented wheels which admitting C 3 -simple orientations.
Lemma 2.2. There exists a C 3 -simple orientation on W n if and only if n is even.
Proof. Suppose n is odd. Considering all possible orientations for the edge cv 1 , (c, v 1 ) or (v 1 , c) will result in the last C 3 in W n being not strong. For the sufficiency, we define the
Theorem 2.3. If W n is a wheel with even n admitting a C 3 -simple orientation then
Proof. There are only two possibilities of C 3 -simple orientation on W n :
Thus W n does not contain an oriented Hamiltonian path and so by Theorem 1.1,
For n ≥ 6 , based on a C 3 -simple orientation on W n , we define a partition of V (W n ) :
For the upper bound, let B be a subset of V 2 of cardinality
Thus in r(v|B) , v ∈ V 1 , the coordinates related to the neighbors of v are 1 and those related to the non-neighbors of v are 4. Additionally, r(c|B) = (2, 2, . . . , 2) and r(v|B) = (3, 3, . . . , 3) for v ∈ V 2 \ B . Therefore B resolves W n and dim(W n ) ≤ n 2 − 1 , and we obtain dim(W n ) = n 2 − 1 .
By Lemma 2.2, a wheel W n with n odd is not C 3 -simple, however we could consider a subgraph of W n admitting a C 3 -simple; the subgraph is a fan F 1,n = K 1 + P n , where
Theorem 2.4. If W n is a wheel with odd n which contains a fan F 1,n admitting a C 3 -simple orientation then
Proof. For n = 3 , it is easy to check that for all 4 possible C 3 -simple orientations on W 3 , we could apply Lemma 1.1 to obtain dim(W 3 ) = 1 .
For n = 5 , it is obvious that there is no oriented Hamiltonian path in all 4 possible C 3 -simple orientations on W 5 , and by Lemma 1.1, dim(W 5 ) > 1 . Based on a C 3 -simple orientation on W n , we define a partition of V (W n ) : V 0 = {c} , V 1 = {v i |d(c, v i ) = 1} , and V 2 = {v i |d(c, v i ) = 2} . Let B be a 2 -subset of V 2 and b ∈ B , then in r(v|B) , v ∈ V 1 , the coordinates related to the neighbors of v are 1 and those related to the nonneighbors of v are 4. Additionally, r(c|B) = (2, 2) and r(v|B) = (3, 3) for v ∈ V 2 \ B .
For n ≥ 7 , as in n = 5 before, we define a partition V 0 , V 1 , V 2 of V (W n ) . We shall consider two cases separately. We then obtain the same representations as in case (i) except for r(v n |B) where the coordinate related to v 1 is 1 and the coordinates related to the other vertices are 3. Thus B resolves W n and dim(W n ) ≤ |V 2 | − 2 . This completes the proof.
Directed Metric Dimension of Oriented Fans
A fan, F m,n , is defined as K m + P n , where the vertices c 1 , c 2 , . . . , c m in K m is called the centers. x ∈ V 2 , y ∈ V 1 and d(x, y) = 3 for x, y ∈ V 2 , and so we could have at most one vertex in V 2 omitted from a resolving set.
For the upper bound, let B 1 be a subset of V 0 of cardinality m − 1 and B 2 be a subset of V 2 of cardinality 
2-Dimensional Oriented Wheels and Fans
Here we shall construct an orientation on W n and F 1,n in such a way that the directed metric dimension is 2. Theorem 2.6. For n ≥ 3 , there exists an orientation on the wheel W n such that dim(W n ) = 2 .
Proof. For 3 ≤ n ≤ 7 we have a C 3 -simple orientation for W n such that dim(W n ) = 2 as in Theorem 2.3 and 2.4. For n ≥ 8 , consider a subgraph F 1,7 with vertex-set {c, v 1 , v 2 , . . . , v 7 } . Apply a simple −C 3 orientation with od(c) > id(c) on the F 1,7 . We then apply an orientation such that there exists an oriented path from v 1 to v 7 , and lastly, for v ∈ V (W n ) \ V (F 1,7 ) , set an arc from c to v . The next step is to determine the directed dimension of W n under such an orientation. Choose B = {v 2 , v 4 } . Then the representations of all vertices are r(c|B) = (2, 2), r(v 1 |B) = (1, 4), r(v 2 |B) = (0, 3), r(v 3 |B) = (1, 1), r(v 4 |B) = (3, 0), r(v 5 |B) = (4, 1), r(v 6 |B) = (3, 3), r(v 7 |B) = (4, 4) , and r(v i |B) = (i − 7 + 4, i − 7 + 4) , for 8 ≤ i ≤ n . Since W n does not admit an oriented Hamiltonian path then dim(W n ) = 2 .
Theorem 2.7. For n ≥ 3 , there exists an orientation on the fan F m,n such that dim(F m,n ) = 2 .
Proof. For n = 3 , let the arc set of
It is clear that B = {v 2 , v 3 } is a resolving set. Since such orientation does not admit an oriented Hamiltonian path, we have dim(F 1,3 ) = 2 . For n = 4 , let the arc set of So far we have obtained directed dimension for wheels and fans admitting C 3 -simple orientations and construct 2 -dimensional oriented wheels and fans. A question arisen after this study is whether the C 3 -simple orientation gives the maximum possible dimension, i.e. the ORD(W n ) and ORD(F n ) , or is there an orientation which provides larger dimension? Another interesting question is whether all values up to the ORD(W n ) or ORD(F n ) are achievable. Problem 2.8. For n ≥ 3 , determine ORD(W n ) and ORD(F m,n ) . Problem 2.9. Let k W be an integer in [2, ORD(W n )] and k F be an integer in [2, ORD(F m,n )] . Does there exist an orientation on W n such that dim(W n ) = k W ? Similarly, does there exist an orientation on F m,n such that dim(F m,n ) = k F ?
Directed Metric Dimension of Amalgamation of Oriented Cycles
Let C = {C n i |i = 1, 2, ..., t} be a collection of t strongly oriented cycles. A path amalgamation of cycles in C , denoted by P x −Amal{C n i } t i=1 , where 2 ≤ x ≤ min{|V (C n i )|}−1 , is the graph constructed by joining the cycles in C on a common path or order x called the terminal path. We shall denote the vertices is P x − Amal{C t i } n i=1 as follow:
We shall use the notation P n i for the path
of strongly oriented cycles.
Theorem 2.10. Let P x − Amal{C n i } t i=1 be a path amalgamation of t strongly oriented cycles then dim(P x − Amal{C n i } t i=1 ) = t − 1.
Proof. If an arbitrary set S does not contain a vertex in P n i and P n j where i = j , then r(v i n i |S) = r(v j n j |S) and so S is not a resolving set. Thus each resolving set needs to contain a vertex from each pair of P n i and P n j . This results in dim(P x − Amal{C n i } t i=1 ) ≥ t − 1 .
Next, consider B = {v 1 n 1 , v 2 n 2 , ..., v t−1 n t−1 } . For a vertex u ∈ P n i , we have d(u, v i n i ) ≤ n i −1 , while for a vertex u ∈ P n j , j = i , d(u, v i n i ) = d(u, v 1 ) + (x − 1) + (n i − x) = d(u, v 1 ) + n i − 1 and for a vertex u ∈ P x , d(u, v i n i ) = d(u, v x ) + n i − x . This guarantees that each vertex will have distinct representation with respect to B . Thus B is a resolving set and dim(P x − Amal{C n i } t i=1 ) ≤ t − 1 . This completes the proof.
If the path P x is of order 1 then we have a vertex amalgamation of strongly oriented cycles and if it is of order 2 then we have an edge amalgamation of strongly oriented cycles. Thus the following corollaries hold.
Corollary 2.11. Let Amal{C n i } t i=1 be a vertex amalgamation of t strongly oriented cycles then dim(Amal{C n i } t i=1 ) = t − 1. Corollary 2.12. Let Edge − Amal{C n i } t i=1 be an edge amalgamation of t strongly oriented cycles then dim(Edge − Amal{C n i } t i=1 ) = t − 1.
